The evolution of galaxy clusters can be affected by the repulsion described by the cosmological constant. This conclusion is reached within the modified weak-field General Relativity approach where the cosmological constant Λ enables to describe the common nature of the dark matter and the dark energy. Geometrical methods of theory of dynamical systems and the Ricci curvature criterion are used to reveal the difference in the instability properties of galaxy clusters which determine their evolutionary paths. Namely, it is shown that the clusters determined by the gravity with Λ-repulsion tend to become even more unstable than those powered only by Newtonian gravity, the effect to be felt at cosmological time scales.
Newton's theorem and Λ
Proceeding from the Newton's theorem on the "sphere-point" identity and the resulting weak-field modification of General Relativity, one arrives to the metric [6] (c = 1)
The general functions for force and potential i.e. U (r) and F(r) satisfying Newton's theorem used for the above weak-field limit of GR have the form (for derivation and discussion see [27, 5, 6] )
Here the second term leads to the cosmological term in the solutions of Einstein equations, so that the cosmological constant Λ enters also the weak-field GR regimes, e.g. in the Hamiltonian dynamics of galaxy clusters [8] .
Crucial feature of the force law of Eq.(2) is that it defines non-force-free field inside a spherical shell, contrary to Newton's gravity law when the shell has no influence in its interior. In this regard we mention the observational indications that the galactic halos do determine the properties of galactic disks [28] . The weak-field GR thus can be used to describe the observational features of galactic halos [5, 29] , of groups and clusters of galaxies [7] .
Ricci curvature
The Lagrangian for N-body system interacting by the Λ-potential (from Eq.(2)) is
According to the criterion of relative instability defined in [23] 1 , among two systems the more unstable is the one with smaller negative Ricci curvature
within 0 ≤ s ≤ s * interval of geodesic in the configurational space. This criterion follows from the equation of geodesic deviation (Jacobi-Levi-Civita) equation [18, 19] averaged via the deviation vector
where n = zn, n 2 = 1, and r u (s) is the Ricci curvature in the direction of the velocity of the geodesic u, and
The Ricci tensor for N-body system yields [20, 23] Ric αβ = − 1 2
where g αβ = m a δ αβ , and
For the Lagrangian of Eq.(3) the latter is
where
, ρ a = |r a |, ρ ab = |r ab |, for any two vectors e 1 and e 2 we have e 1 ·e 2 = δ ij e i 1 e j 2 .
Results
We simulated the dynamics of two types of N-body spherical systems of typical galaxy cluster parameters, one defined by Newtonian gravity, the other defined by an additional Λ-potential i.e. by Lagrangian Eq.(3). The Ricci curvature was estimated for both, to see if the instability properties of the both systems according to the criterion Eq.(5) do reveal differences during their evolution over cosmological time scale.
To simulate systems with typical parameters of galaxy clusters we used a spherical distribution of N = 1, 000 particles (galaxies), each of mass m = 10 11 M , inside a sphere of R = 1.5 Mpc. The velocities were defined by considering such galaxy clusters (i.e. of 1, 000 members) as semi-virialized configurations, i.e.
where σ 2 is the velocity dispersion of galaxies of the cluster and M is the total mass of the cluster. Consequently, the dynamical time scale for a typical cluster in Newtonian and Λ-modified regime will be
The results of computations using Eqs.(5)-(10) are shown in Fig.1 . Comparing both Newtonian and Λ-modified gravity it turns out that the behavior of Ricci curvature r for both cases are similar to each other ( Fig.1 ). However, while the values of Ricci curvatures practically coincide at time scales up to around 2 Gyrs, at later phases those values for pure Newtonian case are systematically larger than for Λ-modified gravity. According to the criterion Eq.(5) in view of the fact that the value r GΛ is smaller than r G -both having negative infimum according to criterion Eq.(5) within the cosmological time interval [2.4 Gyr -17.4 Gyr] -one can conclude that spherical Newtonian systems which at large N limit are known to be exponentially unstable (chaotic) [20] , become even more unstable with the Λ-term in the gravity force Eq.(2). Then we performed the same analysis for systems of parameters of superclusters, using the data of the Virgo Supercluster. Note, that there is a principal difference between this case and those of galaxy clusters for Λ-modified gravity. Namely, from Eq.(1) and Eq.(2) one can define a critical distance scale for a system, where the repulsive term of Λ becomes dominant [8] over the Newtonian gravity
For structures of smaller than superclusters' scale this radius lies outside the configuration which means that the role of the Λ term in its properties is suppressed. But for superclusters of scales larger than r crit the role of Λ-term can be felt in the dynamics of galaxies [8] . For Virgo Supercluster that critical radius yields around 12.66 Mpc. In this regard, we checked the behavior of Ricci curvature for three different cases. First, we analysed a system of parameters of the Virgo Supercluster, i.e. R= 16.5 Mpc, N = 1, 480, and M = 1.48 × 10 15 M . The results i.e. the difference of Ricci curvature for Newtonian and Λ-modified gravity, are given in Fig.3 . Then we studied two different cases, i.e. with the same mass and number of particles but for different radii i.e. R = 18 (>12.66) Mpc and R = 10 Mpc (<12.66).
For latter two cases the results are shown in Figs.4-5. It is interesting that for both, 18 Mpc and 16.5 Mpc (both exceeding the critical distance 12.66 Mpc), as time goes on the difference of Ricci is increasing and even for R = 18 Mpc, it becomes positive, which can be interpreted as tending to free particle system. While for the bound structure R = 10 Mpc the Ricci curve shows a tendency to decrease, i.e. indicating the unstable N-body system. 
Conclusions
The weak-field GR modified based on the Newton theorem enabled one the common description of the dark matter and dark energy [5, 6] , as weak-field and cosmological manifestation of GR, respectively, both determined by the cosmological constant. As further step to probe that GR modification, we analysed its possible role in the evolution of the galaxy clusters, i.e. at spatial scales where the repulsive gravity term becomes non-negligible. We used the Ricci curvature criterion to follow the comparative instability of two type of spherical systems, i.e. those evolving according to modified Λ-gravity of Eqs.(1) and (2) with respect to usual Newtonian systems.
Our main conclusions can be formulated as follows: (a) the studied types of systems of galaxy cluster parameters do reveal discrepancy in their instability properties during the evolution, namely, the Λ-modified gravity systems tend to become more unstable with respect to those described by Newtonian law. The discrepancy starts to be visible at cosmological times i.e. at time scales exceeding roughly 2 Gyr.
(b) the supercluster (Virgo) parameter systems reveal differences in their instability properties depending on their spatial scales. Namely, at distance scales where the Λ-term dominates over the Newtonian gravity, the systems tend to free particle systems at cosmological time scales, while at smaller distances their behavior remains unstable as of the galaxy clusters, as expected.
We note that f (R)-gravity, "beyond Horndeski" covariant Galileon models have been already used to describe the observable features of clusters of galaxies [30, 31, 32] , thus indicating the ability of the latter for testing of modified gravity theories. The study of the evolutionary effects of galaxy clusters at dedicated numerical simulations (including using advanced methods of theory of dynamical systems [33] ) can provide additional tests to Λ-gravity as weak-field limit for General Relativity.
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